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Ionization and recombination rates of atomic oxygen in high-temperature air plasma flows

A. Bourdon, Y. Térésiak, and P. Vervisch
Universitéde Rouen, CNRS UMR No. 6614 CORIA, 76821 Mont Saint Aignan Cedex, France

~Received 4 December 1997!

A nonlinear time-dependent collisional-radiative model for atomic oxygen is presented. Effective ionization
and three-body recombination rate coefficients are calculated for either optically thin or thick plasmas where
1018 m23<ne<1021 m23 and 8000 K<Te<20 000 K. In order to implement these coefficients easily in
plasma flow codes, simple analytical expressions are proposed. Significant discrepancies with existing litera-
ture values are pointed out and discussed. The time-dependent approach confirms the importance of a quasi-
steady-state condition to derive meaningful rate coefficients. Therefore the relaxation time necessary for the
system to reach a quasi-steady-state limits the validity of the rate coefficients determined in this study. In
optically thick cases, this relaxation time in either recombining or ionizing plasmas depends weakly on the
electron temperature but strongly increases as the electron number density decreases. In optically thin cases, it
is more difficult to derive general results since the relaxation time depends on the electron temperature, on
densities, but also on the initial distribution on atomic levels.@S1063-651X~98!08104-5#

PACS number~s!: 52.20.2j, 31.70.Hq, 47.70.2n, 82.40.Ra
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I. INTRODUCTION

Despite the large number of experimental and theoret
studies on high-temperature air chemistry, uncertainties
main on the accuracy of numerous reaction rates. In part
lar, the effective ionization and recombination rates of ato
are difficult to determine experimentally and then most av
able results have been derived from theoretical studies. H
ever, a reaction such as O112e2↔O1e2 results from nu-
merous different elementary processes between the at
levels of oxygen. Therefore, the accuracy of theoretical
fective ionization and recombination rate coefficients d
pends on the choice of the atomic model and on the choic
the rate coefficients for the elementary processes. In our
vious paper@1#, referred to as paper I, a nonlinear collision
radiative model was developed for atomic nitrogen. In t
paper, we propose to set up a collisional radiative model
atomic oxygen in order to determine effective ionization a
recombination rate coefficients for 1018 m23<ne
<1021 m23 and 8000 K<Te<20 000 K. In an earlier study
Taylor and Ali @2# determined these rate coefficients f
slightly different conditions: 1022 m23<ne<1025 m23 and
1 eV<Te<3 eV. Other previous collisional radiative mode
for oxygen have been devoted to the study of the popula
densities at the stationary state@3,4# and relaxation times@5#.
Since the study of Taylor and Ali, numerous experime
and computations have been carried out to improve the
curacy of atomic cross sections and Einstein coefficient
oxygen. In this work, we have tried to determine the b
possible coefficients available in the literature. The data c
cally compiled by Soon and Kunc@4# have been used with
few updates one-O inelastic collisions@6# and on Einstein
coefficients@7,8#. In this study, we consider a spatially un
form and electrically neutral plasma. We assume that
distributions of energies of particles are Maxwellian and t
the atom-atom and ion-atom inelastic collisions are ne
gible. The treatment of radiation is limited to either optica
thin or optically thick cases.

Unfortunately, no experimental data are available on
571063-651X/98/57~4!/4684~9!/$15.00
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effective ionization and recombination rates of atomic ox
gen to compare with our results. In high-temperature air
netic schemes used in plasma flow codes, different analy
expressions, whose accuracy is unknown, are proposed
these rate coefficients@9–11#. Therefore, this work is the
opportunity to study the validity of these simple analytic
expressions for the effective ionization and recombinat
rates of atomic oxygen. Furthermore, the time-dependent
proach used in this paper allows us to follow the relaxat
of atomic level populations and to study the validity of th
quasi-steady-state hypothesis.

II. ATOMIC MODEL

In this work, forty coalesced energy levels of the neut
oxygen atom have been considered@12#. Their characteristics
are given in Table I. As in the nitrogen atom, there is a la
energy gap in the oxygen atom between the two first me
stable levels~2s22p4 1D and 2s22p4 1S! and the other ex-
cited levels, which lie in a narrow region of energy. How
ever, it is interesting to note that in the oxygen atom,
resonant level is only the fifth level, located 9.52 eV from t
ground state. In their atomic model for oxygen, Soon a
Kunc @4# considered only the first nine levels of our mode
In this case, the last level lies 1.69 eV under the ionizat
limit. With our model, this energy gap is only of 0.124 eV
The influence of the atomic model on the results will
discussed in the following sections. In the electron tempe
ture range of our study, we consider only the ground io
term of O1, 2s22p3 4S ~13.62 eV!, which is taken as the
‘‘core’’ for all atoms. Processes involving O2 ions coulda
priori also influence the determination of the ionization a
recombination rate coefficients. However, Soon and Ku
@13# showed that forTe>8000 K, the contribution of O2

ions to production of electrons, positive ions, and exci
atoms is negligible. Therefore, in this study, the influence
O2 ions has been neglected.
4684 © 1998 The American Physical Society
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57 4685IONIZATION AND RECOMBINATION RATES OF . . .
III. ELEMENTARY RATE COEFFICIENTS

In a uniform plasma, the evolution of the population de
sity of an excited atomic leveli is due to different elemen
tary processes

Oi1e2
Oj1e2 for i , j @Ci j ,Cji #, ~1!

where Ci j (m3 s21) and Cji (m3 s21) are, respectively, the

TABLE I. Atomic level model.

Level index
i

Configuration
1s21

Energy
Ei ~eV!

Statistical weight
gi

1 2s22p4(3P) 0.000 9
2 2s22p4(1D) 1.970 5
3 2s22p4(1S) 4.190 1
4 2s22p33s(5So) 9.150 5
5 2s22p33s(3So) 9.520 3
6 2s22p33p(5P) 10.740 15
7 2s22p33p(3P) 10.990 9
8 2s22p34s(5So) 11.840 5
9 2s22p34s(3So) 11.930 3

10 2s22p33d(5Do) 12.090 25
11 2s22p33d(3Do) 12.100 15
12 2s22p34p(5P) 12.300 15
13 2s22p34p(3P) 12.370 9
14 2s22p33s8(3Do) 12.550 15
15 2s22p35s(5So) 12.670 5
16 2s22p35s(3So) 12.710 3
17 2s22p33s8(1Do) 12.740 5
18 2s22p34d(5Do) 12.760 25
19 2s22p34d(3Do) 12.770 15
20 2s22p34 f (5F,3F) 12.780 56
21 2s22p35p(5P) 12.860 15
22 2s22p35p(3P) 12.890 9
23 2s22p36s(5So) 13.030 5
24 2s22p36s(3So) 13.050 3
25 2s22p35d(5Do,3Do) 13.080 40
26 2s22p35 f (5F,3F) 13.087 56
27 2s22p36p(5P) 13.130 15
28 2s22p36p(3P) 13.140 9
29 2s22p37s(5So) 13.220 5
30 2s22p37s(3So) 13.230 3
31 2s22p3@6d(5Do,3Do),

16 f (5F,3F)
16g(5Go,3Go)] 13.250 168

32 2s22p38s(5So) 13.330 5
33 2s22p38s(3So) 13.340 3
34 2s22p3@7d(3Do,5Do)

17d(5F,3F,)] 13.353 96
35 2s22p39s(3So) 13.412 3
36 2s22p38d(5Do,3Do) 13.418 40
37 2s22p310s(3So) 13.459 3
38 2s22p39d(3Do) 13.464 15
39 2s22p311s(3So) 13.493 3
40 2s22p310d(3Do) 13.496 15

41 ~O1 ion! 2s22p3(4So) 13.620 4
-

electron-impact excitation rate coefficient for the transiti
from the leveli to the levelj and its inverse deexcitation rat
coefficient;

Oi1e2
O112e2 @b ic ,bci#, ~2!

where b ic (m3 s21) and bci (m6 s21) are, respectively, the
electron impact ionization rate coefficient from the levei
and the three-body recombination rate coefficient on
level i ;

Oj→Oi1hn for i , j @Aji #, ~3!

whereAji (s21) is the transition probability~Einstein coeffi-
cient! from the levelj to the leveli ; and

O11e2→Oi1hn @a i
RR,a i

RD#, ~4!

wherea i
RR (m3 s21) anda i

RD (m3 s21) are, respectively, the
radiative and dielectronic recombination rate coefficients
the leveli . Dielectronic recombination is the result of a two
stage process:

O11e2→O*→Oi1hn, ~5!

where O* represents an autoionizing state of the O atom

A. Electron-impact excitation and deexcitation rate coefficients

Recently, reliable measurements of cross sections for
eral electron-impact excitation transitions have been car
out. For the 1→ j <7 transitions, the cross sections measu
by Doering and Gulcicek@14–17# have been used in agree
ment with the discussion of Soon and Kunc@4#. For the 1
→2 transition, it is interesting to note that the shape a
magnitude of the cross section have been confirmed rece
by Doering @6#. For the 1→9< j <19 transitions, the cross
sections reviewed by Laher and Gilmore@18# have been
used. For all the other transitions, excitation cross secti
have to be determined theoretically. For the 2→3 transition,
the excitation cross section calculated by Thomas and Ne
@19# has been used. This result is more recent and seem
be more reliable than the cross section determined earlie
Henry, Burke, and Sinfailam@20# and used by Soon an
Kunc. For all the other transitions between levels, the ene
of which is less than or equal to 11.93 eV, we have used
formalism developed by Sobelman, Vainshtein, and Yuk
@21#. For ‘‘difficult’’ transitions ~i.e., involving two atomic
electrons!, a binary-encounter approximation is used. All d
tails are given in the paper of Soon and Kunc@4#. For atomic
levels close to the continuum, all atoms are almost hyd
genic. Therefore, the formalism initially developed for h
drogen by Gryzinski@22# is used for these levels, and is n
doubt more adapted than the Vainshtein formalism.

As discussed in Paper I, the use of two different theor
ical approaches results in abrupt changes in the elemen
rate coefficient values for intermediate transitions. In orde
eliminate this anomaly, we introduce, in the same way
correction factor such that elementary rate coefficient val
vary smoothly from one model to the other. Discrepancies
the effective ionization and recombination rate values due
this correction remain within a factor of 2.
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B. Electron-impact ionization and three-body recombination
rate coefficients

For the ground state and the two lowest excited levels,
models retained by Soon and Kunc@4# are used. For the
other atomic levels, we have used the classical model
proximation derived by Gryzinski and Kunc@23#.

C. Spontaneous emission

For excited levels the energy of which is less than
equal to 11.93 eV, the transitions and the Einstein coe
cients reviewed by Soon and Kunc are used. However,
the 5→1 and 9→1 transitions, the Einstein coefficients d
termined recently by, respectively, Bie´mont and Zeippen@7#,
and Bhatia and Kastner@8# have been used. For transition
issuing from levels lying higher than 11.93 eV, the best p
sible Einstein coefficients available in the literature ha
been used@8,24–27#.

D. Radiative and dielectronic recombinations

The analytical expressions proposed by Nussbaumer
Storey@28# are used to calculate the dielectronic recombi

FIG. 1. ~a!,~b! Temporal evolution of densities for an initia
recombining situation: att50 s, Te512 000 K,ne51020 m23, and
bi5Ni /Ni* 51024, whereNi* is the Saha density of leveli . All
elementary processes are taken into account, and the plasma is
sidered to be optically thin. Numbers denote atomic level numb
Atomic level population densities are divided by their statisti
weights.
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tion coefficients for the effective~direct plus cascade! tran-
sitions to the terminating levelsi 51 and 4. The total dielec-
tronic recombination rate is

aRD5 (
i 51,4

a i
RD. ~6!

As in nitrogen, radiative recombination coefficients are s
nificant only for the effective transitions to the three fir
atomic levels. Using the same approach as Soon and K
@4#, we have calculated and fitted the associated total ra
tive recombination rate, and obtained

aRR5(
i 51

3

a i
RR52.12310218Te

20.29 m3 s21. ~7!

IV. MASTER EQUATIONS

Taking into account the different elementary proces
mentioned above, the rate equations for the production o
excited atom on the leveli can be written as

dNi

dt
5Ṅi5(

j Þ i
neNjCji 1(

j . i
NjAji k j i 1neN

1@a i
RRk i

RR

1a i
RDk i

RD1nebci#2NiF(
j Þ i

neCi j 1(
k, i

Aikk ik

1neb icG , ~8!

for 1< i<np, wherenp is the total number of atomic levels
ne(m

23) the electron number density,Ni(m
23) the popula-

tion density of the atomic leveli , andN1(m23) the number
density of O1. For the escape factors denoted byk i j , k i

RR,
andk i

RD, respectively, for bound-bound, free-bound, and
electronic radiation, we consider only the limit cases wh
they are equal either to 0~optically thick plasma! or to 1
~optically thin plasma!. The rate equation for the productio
of electrons is

dne

dt
5ṅe5(

i
neNib ic2(

i
ne

2N1bci

2(
i

neN
1@a i

RRk i
RR1a i

RDk i
RD#.

~9!

Finally, the electrical neutrality of the plasma imposesne
5N1. We denoteNa5SNi , the total atomic density and
Nt5Na1N1, the total particle density. The system of di
ferential equations@Eqs.~8! and~9!# has been integrated nu
merically in using LSODE~Livermore Solver for Ordinary
Differential Equations! @29#. In each set of calculations,Te
andNt are constant.

V. RESULTS AND DISCUSSION

A. General behavior of time-dependent population densities

Figures 1~a! and 1~b! show the temporal evolution of th
level populations for a typical recombining situation att
50 s: ne51022 m23, Te512 000 K, and bi5Ni /Ni*
51024, whereNi* is the Saha density of leveli . The plasma
is considered to be optically thin and all the elementary p

on-
s.
l
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57 4687IONIZATION AND RECOMBINATION RATES OF . . .
cesses described above are considered. This example c
puts forward that different time scales characterize the glo
relaxation process. Fort,10210 s, in this example,N1 , N2 ,
N3 , andne vary only slightly in comparison to other excite
state population densities. For 531029 s<t<1026 s, the
latter reach a plateau whereasN1 , N2 , N3 , and ne vary
significantly. Finally, all of the system tends toward a s
tionary state~reached att.1023 s in this example!. As al-
ready observed in nitrogen, the populations of excited st
at the plateau are very different from those at the station
state. It is important to note that the general characteristic
the results are independent of the initial ionizing or reco
bining condition. Figure 2 shows the temporal evolutions
uṅeu andṄi for 1< i<3. For t>tmin (tmin.531029 s in this
example!, we have

Ṅi.0 for i .3, ~10!

and then a quasi-steady-state condition of the form

uṅeu5(
i 51

3

Ṅi , ~11!

can be written. This condition has been already establis
by Cacciatore and Capitelli@5# in oxygen and is the same a
in nitrogen since both atoms have two low-lying leve
However, in oxygen, the fourth level is metastable too a
then one could have expected to have for oxygen a qu
steady-state~QSS! condition of the form

uṅeu5(
i 51

4

Ṅi . ~12!

In the electron temperature and density range of our stu
we have checked that Eq.~11! is the quasi-steady-state co
dition for oxygen.

FIG. 2. Production rates ofN1 , N2 , andN3 , and the depletion
rate of ne for the same initial recombining condition as in Fig.
Solid line: uṅeu. Dotted line:Ṅ1 . Dashed line:Ṅ11Ṅ2 . Dot-dashed
line: Ṅ11Ṅ21Ṅ3 .
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B. General method to determine effective ionization
and recombination rate coefficients

For the global reaction O112e2↔O1e2, we definekr ,
the effective three-body recombination rate coefficient, a
ki , the effective ionization rate coefficient, such that

dne

dt
5ṅe5kineNa2krne

3. ~13!

Both rate coefficients have to be time independent, but m
depend on electron temperature and densities. To determ
kr , the method is to consider att50 s a recombining situa
tion. In this case, in early times the first term on the rig
hand side of Eq.~13! is far much smaller than the secon
one. Then, ifkr exists, there is a plateau in the tempor
evolution of the ratiouṅeu/ne

3 andkr is the value of this ratio
at the plateau.

Conversely, to determineki , one has to consider att
50 s an ionizing condition and to study the temporal evo
tion of the ratioṅe /(neNa). ki is the value of this ratio at the
plateau. For the initial recombining situation of the last se
tion, Fig. 3 shows that a value ofkr can be determined fo
tmin<t<tmax, with tmax.1025 s. The minimal timetmin
corresponds to the necessary time to reach a quasi-ste
state~Figs. 2 and 3! and is denotedtQSSin the following. For
t.tmax, ionization processes become significant and th
the first term on the right-hand side of Eq.~13! is no longer
negligible in comparison to the second one. Finally, Fig
clearly shows that a quasi-steady-state condition has to
reached to determinekr . In the case of an initial ionizing
situation, the general characteristics of the results are
same.

Finally, to determinekr , respectivelyki , we start from an
initial recombining, respectively ionizing situation, and, st
the calculations whenuṅeu anduṄ11Ṅ21Ṅ3u agree to within
1%. Then we determinetQSS and the value ofkr , respec-
tively ki , with the instantaneous values ofṅe , and ne

3, re-
spectivelyneNa . The interest of this approach is the pos
bility to follow the temporal evolutions of populations and
determine alsotQSS.

FIG. 3. Time variations ofuṅeu/ne
3, Ṅ1 /ne

3, (Ṅ11Ṅ2)/ne
3, and

(Ṅ11Ṅ21Ṅ3)/ne
3 for the initial recombining condition of Fig. 1

Solid line: uṅeu/ne
3. Dotted line: Ṅ1 /ne

3. Dashed line: (Ṅ1

1Ṅ2)/ne
3. Dot-dashed line: (Ṅ11Ṅ21Ṅ3)/ne

3.
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As already mentioned in paper I, ionization and recom
nation rate coefficients are not independent. Indeed, at
stationary state of the reaction O112e2↔O1e2, the two
terms on the right hand side of Eq.~13! have to balance to
give ṅe50. Then,ki can be derived fromkr by

ki5kr

@ne
stat#2

Na
stat 5krK

stat. ~14!

We have checked that both methods gave the same res

C. Determination of the effective three-body recombination
rate coefficient

1. Optically thick cases

In order to represent an optically thick medium, in th
section, all the escape factors in Eqs.~8! and~9! are set equa
to zero. Then, as only elementary collisional processes
considered, the results of this section are denoted with
superscriptC. As in nitrogen, in optically thick conditions
we have checked that the three-body recombination rate
efficient for oxygen depends only on the electron tempe
ture ~Fig. 4!. The simplest best-fit curve for our compute
result is

kr
C51.32310239S Te

104D 24.66

m6 s21 ~15!

for 8000 K<Te<20 000 K. Park@9# assumed that the three
body recombination rate of oxygen is the same as tha
nitrogen, derived for 4000 K<Te<20 000 K in using for all
levels the elementary rates derived by Gryzinski@22# for
hydrogen

krPark51.15310238S Te

104D 25.27

m6 s21. ~16!

Figure 4 shows that, over the whole temperature range of
study, the value obtained with our model is on the aver
five times smaller than the one proposed by Park. With
method, we have also calculated the effective three-body

FIG. 4. Three-body recombination rate in an optically thi
plasma. Solid line: our model. Dot-dashed line: Park’s express
@9#. Dashed line: our atomic model and the cross sections der
by Gryzinski @22#. Dotted line: Three-body recombination rate
nitrogen@1#.
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combination rate coefficient~denotedkr
H! obtained when one

uses for all levels the elementary rates derived by Gryzin
@22# for hydrogen. In this case, Fig. 4 shows that the value
kr

H is close to the one proposed by Park. Cacciatore
Capitelli @5# proposed to modify the elementary rate coef
cients derived by Gryzinski to take into account that lo
lying levels of atomic oxygen are nonhydrogenic. That is,
Gryzinski values are multiplied by a factor 4 for the grou
state. It is interesting to mention that this correction has
influence on the calculated value ofkr

H for atomic oxygen.
Finally, in Fig. 4, the fitting law obtained in paper I fo
atomic nitrogen is represented. This law is given f
4000 K<Te<12 000 K and, therefore should be handl
with care for Te.12 000 K. However, it is interesting to
note that three-body recombination rates for oxygen and
trogen remain close to each other for 8000 K<Te
<20 000 K.

2. Influence of the number of levels

Figure 5 shows the influence of the number of atom
levels on the calculated effective three-body recombinat
rate coefficient value in optically thick cases. As the numb
of atomic levels increases, the calculated recombination
converges toward an upper limit. This figure puts forwa
clearly that the 9-level model proposed by Soon and Ku
@4# is unadapted to our temperature range and that it
necessary to consider a more sophisticated atomic mo
Our forty level model appears to be a good compromise
tween the inaccuracy of atomic models for highly excit
levels and the reliability of the effective rate coefficients d
rived in this study.

3. Optically thin cases

As in nitrogen, in optically thin cases, we have check
that the three-body recombination rate coefficient for oxyg
depends only on the electron temperature and number
sity. First, neglecting radiative and dielectronic recombin
tions, Fig. 6 shows that spontaneous emission increases
value of the recombination rate~denoted, in this case,kr

CE!.

n
d

FIG. 5. Influence of the number of atomic levels on the deriv
recombination rate in optically thick cases. Thick solid line: our
level model. Thin solid line: 9 levels@4#. Dotted line: 15 levels.
Dashed line: 20 levels. Dot-dashed line: 30 levels.
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As expected, at high electron number densities, the recom
nation rate converges to the value obtained in optically th
cases. Conversely, for low electron number densities,kr

CE

tends toward an upper limit. If all the elementary proces
of Sec. III are considered, Fig. 7 shows that the influence
radiative and dielectronic recombinations increases asne de-
creases. In this case, the recombination rate has no u
limit at low electron number densities. These results are
qualitative agreement with those obtained earlier by Tay
and Ali @2#. Figure 7 indicates that Park’s expression@Eq.
~16!#, initially proposed for an optically thick case, corr
sponds to an optically thin plasma where 1020 m23<ne
<1021 m23 and 8000 K<Te<20 000 K.

In order to implement the results of this work in nume
cal studies on air plasma flows, simple analytical laws
required. In the general Eq.~9!, radiative and dielectronic
terms can be isolated, then Eq.~13! can be written as

dne

dt
5ṅe5kineNa2kr

CEne
32aRne

2, ~17!

FIG. 6. Influence of spontaneous emission on the recombina
rate in an optically thin plasma. Numbers at right denotex with
ne510x m23. The thick solid line corresponds to optically thic
cases.

FIG. 7. Three-body recombination rate derived in taking in
account all elementary processes, in an optically thin plasma. N
bers at right denotex with ne510x m23. The thick solid line cor-
responds to optically thick cases. The thin solid line correspond
Park’s expression@9#.
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wherekr
CE takes into account all the elementary collision

processes and spontaneous emission~Fig. 6!, and

aR5aRR1aRD. ~18!

The total effective recombination ratekr is thereforekr
CE

1aR/ne . This formulation is of great interest sinceaRR @Eq.
~7!# and aRD @28# can be expressed analytically. Then, w
fitted kr

CE for different electron number densities to the fo
lowing expression:

kr
CE5ATe

b m6 s21 ~19!

for 8000 K<Te<20 000 K. The coefficientsA and b are
given in Table II. The discrepancy between the total reco
bination rate value calculated with the analytical expressi
@Eqs. ~19! and ~18!# and the one determined directly an
represented on Fig. 7 remains within a factor of 2.

D. Determination of the effective ionization rate coefficient

1. Optically thick cases

In optically thick cases, the results obtained for differe
initial ionizing conditions indicate that the effective ioniza
tion rate coefficient~denotedki

C! depends only on the elec
tron temperature. This can be simply derived from Eq.~14!,
since in this case,kr

C depends only onTe and the stationary
state of the reaction O11e2↔O12e2 corresponds to a
Saha equilibrium, thereforeKstat5KSaha(Te). We have fitted
the equilibrium constant to the following expression:

ln~Kstat!5(
i 50

5

AiZ
i , ~20!

where Z5 ln(104/Te), for 8000 K<Te<20 000 K. For a
Saha equilibrium, the coefficientsAi are given in Table III.

Figure 8 compares the value ofki
C obtained in our study

with three other values often used in high-temperature
kinetic schemes, but whose accuracy is unknown:~i! The
effective ionization rate coefficient proposed by Losevet al.
@11#, which is derived from the ionization cross section fro
the ground state measured by Smithet al. @30#,

kiLosev58.64310218Te
0.68 expS 2157980

Te
D m3 s21;

~21!

~ii ! the value proposed by Guptaet al. @10#:

kiGupta559.8Te
22.91 expS 2158120

Te
D m3 s21; ~22!

n

-

to

TABLE II. Parameters in the effective three-body recombin
tion rate coefficientkr

CE for different electron number densities.

ne (m23) A (m6 s21 K2b) b

1018 7.27310231 21.73
1019 4.29310230 21.95
1020 2.58310228 22.51
1021 3.19310225 23.43
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TABLE III. Parameters inKSahaand in the equilibrium constantKstat for different total particle number
densities.

Nt (m23) A0 A1 A2 A3 A4 A5

1017 30.5304 234.0190 223.6944 6.18581 20.916160 217.5735
1018 32.8715 233.1659 222.8399 7.45801 5.02374 211.8446
1019 35.0493 231.4172 224.8850 20.795804 17.3478 11.0059
1020 36.6971 227.7121 26.36738 249.7549 2187.362 2149.453
1021 38.6205 235.9083 6.47223 62.7877 235.6484 297.7333
1022 41.9019 245.7554 237.4442 166.309 443.193 298.333
1023 45.2287 231.9500 257.7671 269.9729 217.6998 19.8520
KSaha 47.0661 217.1846 27.99356 22.64241 20.579718 0.182226
b
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um
~iii ! the value proposed by Park@9#:

kiPark56478.4Te
23.78 expS 2158620

Te
D m3 s21. ~23!

First of all, we note that there are strong discrepancies
tween the different models. As expected, the value obtai
with our model is greater than the one proposed by Lo
et al. since the latter takes into account only the ionizat
process from the ground state. Figure 8 shows that the v
proposed by Guptaet al. is overestimated by more than on
order of magnitude. In fact, the value ofki

C obtained with our
model turns out to be in close agreement with the one p
posed by Park. This result seems to be in disagreement
the discrepancy observed on Fig. 4 between our value of
three-body recombination rate in optically thick cases (kr

C)
and the one proposed by Park (krPark). In fact, we have noted
that the ionization and recombination rate coefficients p
posed by Park in optically thick cases are not related by
Saha equilibrium constant. That is,krParkK

Sahais on the av-
erage 4.7 times greater thankiPark, which is also the averag
discrepancy observed on Fig. 4 betweenkr

C andkrPark.

2. Optically thin cases

In optically thin cases,Kstat depends onTe but also on
densities. As in nitrogen, to characterize the stationary st

FIG. 8. Ionization rate coefficient in optically thick cases. So
line: our model. Dotted line: Park’s expression@9#. Dot-dashed line:
Guptaet al.’s expression@10#. Dashed line: Losevet al.’s expres-
sion @11#.
e-
d
v

ue

-
ith
he

-
e

te,

the most significant density is the total particle densityNt .
First, neglecting radiative and dielectronic recombinati
processes, Fig. 9 shows the equilibrium constant for differ
values ofNt . As expected, as the density increases, co
sional processes become more efficient than radiative o
and then the equilibrium constant converges toward the S
equilibrium constant, all the faster since the electron te
perature is high. At low density, the equilibrium consta
tends toward a lower limit. When radiative and dielectron
recombination processes are taken into account, Fig.
shows that this lower limit disappears. As Soon and Kunc@4#
considered more accurately the reabsorption of the emi
radiation, a direct comparison with their results at the s
tionary state is impossible. However, a qualitative agreem
is observed. Finally, to implement our results in flow cod
we have fittedKstat for different values ofNt to the expres-
sion of Eq.~20! for 8000 K<Te<20 000 K. The coefficients
Ai are given in Table III. The discrepancy between the io
ization rate coefficient value calculated with the analytic
expression@Eq. ~20!# and the one determined directly an
represented on Fig. 10 remains within a factor of 2.

E. Study of the QSS relaxation time

In the preceding sections, we have put forward that eff
tive three-body recombination and ionization rate coe
cients exist only when the system is in a quasi-steady-st
Therefore, before implementing these rate coefficients

FIG. 9. Influence of spontaneous emission on the equilibri
constant in an optically thin plasma. Numbers denotex with Nt

510x m23. The thick solid line corresponds to the Saha value.
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flow codes, one has to check the validity of the QSS hypo
esis @Eq. ~11!#. The time-dependent approach used in t
paper allows us to determine the relaxation time necessa
reach a quasi-steady-state, starting att50 s from a given
initial condition.

1. Optically thick cases

For optically thick cases, the results obtained for differe
initial conditions ~either ionizing or recombining! indicate
that the quasi-steady-state relaxation time~denotedtQSS

C ! de-
pends only on the electron temperature and electron num
density but not on the initial distribution on the atomic le
els. Figure 11 shows thattQSS

C depends only weakly onTe

but increases asne decreases. Forne51019 m23, the relax-
ation time derived in using Gryzinski’s cross sections for
levels is also represented. The latter is one order magni
shorter than the one obtained with our model. It is interest
to note that relaxation times obtained in oxygen are v
close to those calculated in nitrogen. Therefore, as in ni

FIG. 10. Equilibrium constant when all elementary proces
are taken into account. Numbers denotex with Nt510x m23. The
thick solid line corresponds to the Saha value.

FIG. 11. Relaxation time in optically thick cases. Thin lin
correspond to different electron number densities. Thin dotted l
ne51018 m23. Thin dashed line:ne51019 m23. Thin dot-dashed
line: ne51020 m23. Thin solid line: ne51021 m23. The thick
dashed line represents the results obtained forne51019 m23 in us-
ing the cross sections derived by Gryzinski@22# for hydrogen.
-
s
to

t

er

l
de
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y
-

gen, we conclude that the effective ionization and recom
nation rate coefficients determined in this paper are ada
to study optically thick plasma flows, where the characte
tic flow time is about 1026 s, only if ne>1020 m23. For
lower electron number densities or shorter flow times, it
necessary to consider one conservation equation for e
atomic leveli of the oxygen atom.

2. Optically thin cases

In an optically thin plasma, the relaxation time depen
on densities andTe but also on the initial distribution on
atomic levels. Therefore, it is more difficult to derive gene
results. However, we have noted that for initial recombini
conditions with att50 s bi5Ni /Ni* <1 ~where Ni* is the
Saha density of leveli ! for a given electron number density
the QSS relaxation time depends only onne andTe . In these
cases, Fig. 12 shows that the QSS relaxation time depe
weakly onTe and increases asne decreases. In compariso
to an optically thick case, we note that relaxation times
on the average one order of magnitude shorter.

VI. CONCLUSIONS

In this paper, we have determined the effective ionizat
and three-body recombination rate coefficients of oxygen
a plasma where 1018 m23<ne<1021 m23 and 8000 K<Te
<20 000 K. In optically thick cases, we propose an analy
cal expression ofkr

C(Te) to be implemented in flow code
@Eq. ~15!#. This rate coefficient value is on the average fi
times smaller than the one given by Park@9#. In optically
thick cases, the ionization rate coefficient is simplyki

C(Te)
5kr

C(Te)K
Saha(Te) whereKSahais the Saha equilibrium con

stant. This ionization rate coefficient is in close agreem
with the one proposed by Park@9# but is more than one orde
of magnitude greater, respectively less, than the rate co
cient proposed by Losevet al. @11#, respectively, Guptaet al.
@10#. In optically thin cases, radiative processes enhance
combination and then increase the effective recombina
rate coefficient. As in nitrogen, we have shown that the to
recombination rate coefficient of oxygenkr could be written
askr

CE1aR/ne , wherekr
CE takes into account all the elemen

tary collisional processes and spontaneous emission andaR

s

e:

FIG. 12. Relaxation time in optically thin cases with att50 s,
bi5Ni /Ni* 51, for a given electron number density. Dotted lin
ne51018 m23. Dashed line:ne51019 m23. Dot-dashed line:ne

51020 m23. Solid line:ne51021 m23.
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dielectronic and radiative recombination processes. In o
to implement these new results in plasma flow codes, sim
analytical expressions forkr

CE @see Eq.~19! and Table II# and
aR @see Eq.~7! and @28## are proposed. The ionization ra
coefficient is related tokr by the equilibrium constantKstat

@Eq. ~14!#. In optically thin casesKstat and thereforeki de-
pend onTe and on the total densityNt . To implement these
results in plasma flow codes, fitting laws are proposed
Kstat @see Eq.~20! and Table III#. The time-dependent ap
proach used in this study has clearly put forward the nec
sity that the system be in a quasi-steady-state to derive m
ingful rate coefficients. This has led us to study mo
precisely the relaxation timetQSSnecessary to reach a quas
steady-state. In optically thick cases, for recombining or i
izing plasmastQSS depends only onTe and ne . It is inter-
esting to point out thattQSS strongly increases asne

decreases. Therefore, the effective ionizationki
C and recom-

bination kr
C rate coefficients derived in this study may b

implemented in the computation of supersonic plasma fl
codes, where the characteristic flow time is about 1026 s
only for an electron number density higher than 1020 m23. In
t.

sc

ia

cs

e

P
u-
ic

i-
r

er
le

r

s-
n-

-

w

optically thin cases, it is more difficult to derive general r
sults sincetQSS depends onTe and densities and on the in
tial distribution on atomic levels.

In this study, the treatment of radiation has been redu
to optically thin or thick cases. It would be interesting to ta
into account a more accurate modeling of radiation esc
factors in order to study more precisely the influence of
reabsorption of radiation. However, this effect will n
change the general characteristics of the results obtaine
this paper.

Finally, one should mention the question of the influen
of the accuracy of the cross sections and Einstein coeffici
on the results. Currently, no complete set of precalcula
cross sections is available for oxygen. Therefore, for l
atomic levels, we have used the Vainshtein formalism, wh
is certainly more adapted than hydrogenic models retaine
earlier studies. It would be interesting to compare our res
with those obtained with more accurate quantum mechan
methods such as close-coupling andR-matrix methods. But
these methods are computer intensive, and have been
pleted, up to now, only for a few systems@31#.
ys.
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